Deterministic realization of collective measurements via photonic
  quantum walks by Hou, Zhibo et al.
Deterministic realization of collective measurements via photonic quantum walks
Zhibo Hou,1, 2 Jun-Feng Tang,1, 2 Jiangwei Shang,3, 4 Huangjun Zhu,5, 6, 7, 8, 9, ∗ Jian Li,10, 11
Yuan Yuan,1, 2 Kang-Da Wu,1, 2 Guo-Yong Xiang,1, 2, † Chuan-Feng Li,1, 2 and Guang-Can Guo1, 2
1Key Laboratory of Quantum Information,University of Science and Technology of China, CAS, Hefei 230026, P. R. China
2Synergetic Innovation Center of Quantum Information and Quantum Physics,
University of Science and Technology of China, Hefei 230026, P. R. China
3Naturwissenschaftlich-Technische Fakultät, Universität Siegen, Siegen 57068, Germany
4Beijing Key Laboratory of Nanophotonics and Ultrafine Optoelectronic Systems,
School of Physics, Beijing Institute of Technology, Beijing 100081, China
5Institute for Theoretical Physics, University of Cologne, Cologne 50937, Germany
6Department of Physics and Center for Field Theory and Particle Physics, Fudan University, Shanghai 200433, China
7Institute for Nanoelectronic Devices and Quantum Computing, Fudan University, Shanghai 200433, China
8State Key Laboratory of Surface Physics, Fudan University, Shanghai 200433, China
9Collaborative Innovation Center of Advanced Microstructures, Nanjing 210093, China
10Institute of Signal Processing Transmission, Nanjing University of Posts and Telecommunications, Nanjing 210003, China
11Key Lab of Broadband Wireless Communication and Sensor Network Technology,
Nanjing University of Posts and Telecommunications, Ministry of Education, Nanjing 210003, China
(Dated: April 19, 2018)
Collective measurements on identically prepared quantum systems can extract more informa-
tion than local measurements, thereby enhancing information-processing efficiency. Although this
nonclassical phenomenon has been known for two decades, it has remained a challenging task to
demonstrate the advantage of collective measurements in experiments. Here we introduce a general
recipe for performing deterministic collective measurements on two identically prepared qubits based
on quantum walks. Using photonic quantum walks, we realize experimentally an optimized collective
measurement with fidelity 0.9946 without post selection. As an application, we achieve the highest
tomographic efficiency in qubit state tomography to date. Our work offers an effective recipe for
beating the precision limit of local measurements in quantum state tomography and metrology. In
addition, our study opens an avenue for harvesting the power of collective measurements in quantum
information processing and for exploring the intriguing physics behind this power.
Quantum measurements are the key for extracting
information from quantum systems and for connecting
the quantum world with the classical world. Under-
standing the power and limitation of measurements is of
paramount importance not only to foundational studies,
but also to many applications, such as quantum tomogra-
phy, metrology, and communication [1–8]. An intriguing
phenomenon predicted by quantum theory is that collec-
tive measurements on identically prepared quantum sys-
tems may extract more information than local measure-
ments on individual systems, thereby leading to higher
tomographic efficiency and precision [9–14]. Recently the
significance of collective measurements for multiparame-
ter quantum metrology was also theorectically recognized
[15, 16] and experimentally demonstrated with probalis-
tic Bell measurements as a proof of principle [16]. This
nonclassical phenomenon is owing to entanglement in the
quantum measurements instead of quantum states. It is
closely tied to the phenomenon of “nonlocality without
entanglement” [17]. In addition, collective measurements
are very useful in numerous other tasks, such as distill-
ing entanglement [18], enhancing nonlocal correlations
[19], and detecting quantum change point [20]. However,
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demonstrating the advantage of collective measurements
in experiments has remained a daunting task. This is be-
cause most optimized protocols entail generalized entan-
gling measurements on many identically prepared quan-
tum systems, which are very difficult to realize determin-
istically.
Here we introduce a general method for performing
deterministic collective measurements on two identically
prepared qubits based on quantum walks, which extends
the method for performing generalized measurements on
a single qubit only [21–23]. By devising photonic quan-
tum walks, we realize experimentally a highly efficient
collective measurement highlighted in Refs. [11, 13, 14].
As an application, we realize, for the first time, qubit
state tomography with deterministic collective measure-
ments. The protocol we implemented is significantly
more efficient than local measurements commonly em-
ployed in most experiments. Moreover, it can achieve
near-optimal performance over all two-copy collective
measurements with respect to various figures of merit
without using adaptive measurements. Such high ef-
ficiency demonstrates the main advantage of collective
measurements over separable measurements. Here, we
encode the two qubits in the two degrees of freedom of a
single photon [24–27], but our method for performing col-
lective measurements can be generalized to two-photon
two-qubit states by combining the technique of quantum
joining [28] or teleportation [29].
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2Results
Optimized collective measurements. In quan-
tum theory, a measurement is usually represented by
a positive-operator-valued measure (POVM), which is
composed of a set of positive operators that sum up to
the identity. In traditional quantum information process-
ing, measurements are performed on individual quantum
systems one by one, which often cannot extract informa-
tion efficiently. Fortunately, quantum theory allows us to
perform collective measurements on identically prepared
quantum systems in a way that has no classical analog,
as illustrated in Fig. 1.
In the case of a qubit, a special two-copy collective
POVM was highlighted in Refs. [11, 13, 14], which con-
sists of five POVM elements,
Ej =
3
4
(|ψj〉〈ψj |)⊗2, E5 = |Ψ−〉〈Ψ−|, (1)
where |Ψ−〉 = 1√2 (|01〉 − |10〉) is the singlet, which is
maximally entangled, and |ψj〉 for j = 1, 2, 3, 4 are qubit
states that form a symmetric informationally complete
POVM (SIC-POVM), that is, |〈ψj |ψk〉|2 = (2δjk + 1)/3
[30, 31]. Geometrically, the Bloch vectors of the four
states |ψj〉 form a regular tetrahedron inside the Bloch
sphere. For concreteness, here we choose
|ψ1〉 =|0〉, |ψ2〉 = 1√
3
(|0〉+
√
2|1〉),
|ψ3〉 = 1√
3
(|0〉+ e 2pi3 i
√
2|1〉),
|ψ4〉 = 1√
3
(|0〉+ e− 2pi3 i
√
2|1〉).
(2)
The POVM defined by Eqs. (1) and (2) is referred to as
the collective SIC-POVM henceforth. If this POVM is
performed on the two-copy state ρ⊗2, then the probabil-
ity of obtaining outcome j is given by pj = tr(ρ⊗2Ej).
The collective SIC-POVM is distinguished because it
is optimal in extracting information from a pair of iden-
tical qubits [9, 11]. It is universally Fisher symmetric in
the sense of providing uniform and maximal Fisher infor-
mation on all parameters that characterize the quantum
states of interest [13, 14, 32]. Moreover, it is the unique
such POVM with no more than five outcomes. Conse-
quently, the collective SIC-POVM is significantly more
efficient than any local measurement in many quantum
information processing tasks, including tomography and
metrology. Moreover, its high tomographic efficiency is
achieved without using adaptive measurements, which is
impossible for local measurements.
Realization of the collective SIC-POVM via quan-
tum walks. Recently, discrete quantum walks were pro-
posed as a recipe for implementing general POVMs on a
single qubit [21], which have been demonstrated in ex-
periments [22, 23]. In a one-dimensional discrete quan-
tum walk, the system state is characterized by two de-
grees of freedom |x, c〉, where x = · · · ,−1, 0, 1, · · · de-
notes the walker position, and c = 0, 1 represents the
coin state. The dynamics of each step is described by a
unitary transformation of the form U(t) = TC(t), where
T =
∑
x
|x+ 1, 0〉〈x, 0|+ |x− 1, 1〉〈x, 1| (3)
is the conditional translation operator, and C(t) =∑
x |x〉〈x|⊗C(x, t) with C(x, t) being site-dependent coin
operators. A general POVM on a qubit can be realized by
engineering the coin operators C(x, t) followed by mea-
suring the walker position after certain steps. However,
little is known in the literature on realizing POVMs on
higher dimensional systems. Here we propose a general
method for extending the capabilities of quantum walks.
For concreteness, we illustrate our approach with the col-
lective SIC-POVM.
To realize the collective SIC-POVM using quantum
walks, the coin qubit and the walker in positions 1 and
−1 are taken as the two-qubit system of interest, while
the other positions of the walker act as an ancilla. With
this choice, the collective SIC-POVM can be realized with
five-step quantum walks, as illustrated in Fig. 1d and dis-
cussed in more details in the supplement. Here the non-
trivial coin operators C(x, t) are specified in the Methods
section. The five detectors E1 to E5 marked in the fig-
ure correspond to the five POVM elements specified in
Eqs. (1) and (2). Moreover, this proposal can be imple-
mented using photonic quantum walks, as illustrated in
Fig. 2 (see also Supplementary Fig. S1).
Experimental setup. The experimental setup for re-
alizing the collective SIC-POVM and its application in
quantum state tomography is presented in Fig. 2. The
setup is composed of two modules designed for two-copy
state preparation and collective measurements, respec-
tively.
The two-copy collective measurement module performs
the collective SIC-POVM based on quantum walks, as il-
lustrated in Fig. 1d (cf. Supplementary Fig. S1). Here the
conditional translation operator T is realized by interfer-
ometrically stable beam displacers (BDs) [33–36], which
displace the component with horizontal polarization (H)
away from the component with vertical polarization (V).
The coin operators C(x, t) are realized by suitable com-
binations of half wave plates (HWPs) and quarter wave
plates (QWPs), with rotation angles specified in the table
embedded in Fig. 2.
In the two-copy state-preparation module, we first pre-
pare copy 1 in the path degree of freedom, i.e., the walker
qubit encoded in positions 1 and −1 (see the green re-
gion I in Fig. 2). A pair of 1-mm-long BBO crystals with
optical axes perpendicular to each other, cut for type-I
phase-matched spontaneous parametric down-conversion
(SPDC) process, is pumped by a 40-mW H-polarized
beam at 404 nm. The polarization state of the beam is
prepared as cos 2α1|H〉 + sin 2α1|V 〉 when the deviation
angle of the HWP at 404 nm is set at α1. After the SPDC
process, a pair of photons with wave length λ = 808 nm
is created in the state of sin 2α1|HH〉+cos 2α1|V V 〉 [37].
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FIG. 1: Individual and collective measurements. a: Repeated individual measurements. b: Single N -copy collective mea-
surement. c: Repeated two-copy collective measurements. d: Realization of the collective SIC-POVM defined in Eqs. (1) and
(2) using five-step quantum walks. The coin qubit and the walker in positions 1 and −1 are taken as the two-qubit system
of interest, while the other positions of the walker act as an ancilla. Site-dependent coin operators C(x, t) are specified in the
Methods section. Five detectors E1 to E5 correspond to the five outcomes of the collective SIC-POVM.
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FIG. 2: Experimental setup for realizing the collective SIC-POVM. The setup consists of two modules designed for two-copy
state preparation (green) and two-copy collective measurement (purple), respectively. In the two-copy state preparation module,
submodule I prepares the first copy (walker qubit) in the path degree of freedom; submodule II prepares the second copy (coin
qubit) in the polarization degree of freedom. The two-copy collective-measurement module performs the collective SIC-POVM
via photonic quantum walks as illustrated in Fig. 1d. Here beam displacers (BDs) are used to realize the conditional translation
operator T . Combinations of half wave plates (HWPs) and quarter wave plates (QWPs) with rotation angles specified in the
embedded table are used to realize site-dependent coin operators C(x, t). Five single-photon detectors (SPDs) E1 to E5
correspond to the five outcomes of the collective SIC-POVM.
The two photons pass through two interference filters
whose FWHM (full width at half maximum) is 3 nm,
resulting in a coherence length of 270λ. One photon
is detected by a single-photon detector acting as a trig-
ger. After tracing out this photon, the other photon is
prepared in the state sin2 2α1|H〉〈H| + cos2 2α1|V 〉〈V |,
whose purity is controlled by α1. Two HWPs (not shown
in Fig. 2) at the input and output ports of the single-
mode fiber are used to maintain the polarization state
of the photon. After passing a HWP and a QWP with
deviation angles h1, q1, the photon is prepared in the de-
sired state ρ. To encode the polarization state into the
4path degree of freedom, BD0 is used to displace the H-
component into path 1, which is 4-mm away from the
V-component in path −1; then a HWP with deviation
angle h3 = 45◦ is placed in path 1. The resulting photon
is described by the state ρ⊗ |V 〉〈V |.
Then we encode the second copy of ρ into the polariza-
tion degree of freedom (coin qubit) using two HWPs, a
quartz crystal with a decoherence length of 385λ, and a
QWP (see the green region II in Fig. 2). The first HWP
with rotation angle α2 and the quartz crystal prepare the
polarization state sin2 2α2|H〉〈H|+ cos2 2α2|V 〉〈V | with
desired purity. Then the direction of the Bloch vector of
the polarization state is adjusted by a HWP and a QWP
with deviation angles h2 and q2. In this way, we can
prepare the desired two-copy state ρ ⊗ ρ, the first copy
of which is encoded in the path degree of freedom, while
the second one in the polarization degree of freedom.
The two-copy state-preparation module described
above is capable of preparing any two-copy state. Next,
the two-copy state ρ ⊗ ρ is sent into the two-copy
collective-measurement module, which performs the col-
lective SIC-POVM based on quantum walks, as described
before. It is worth pointing out that the collective SIC-
POVM can also be applied to measure arbitrary two-
qubit states, although we focus on two-copy qubit states
in this work.
Experimental verification of the collective SIC-
POVM. To verify the experimental implementation
of the collective SIC-POVM, we took the conventional
method of measuring the probability distributions af-
ter preparing the input states as normalized POVM el-
ements, i.e., Eˆi = Ei/ tr(Ei) for i = 1, · · · , 5. These
input states can be prepared by choosing proper rota-
tion angles α1, h1, q1, h3, α2, h2, q2 as specified in the sup-
plement. The measurement probability distributions are
shown in Fig. 3, which agree very well with the theoreti-
cal prediction.
To accurately characterize the POVM elements that
were actually realized, we then performed quantum mea-
surement tomography. Overall, 36 input states, the
tensor products of the six eigenstates of three Pauli
operators, were prepared and sent to the collective-
measurement module, with each setting repeated 35000
times. Then the five POVM elements were estimated
from the measurement statistics using the maximum like-
lihood method developed in Ref. [38]. The fidelities of
the five POVM elements estimated are 0.9991 ± 0.0001,
0.9979 ± 0.0007, 0.9870 ± 0.0008, 0.9927 ± 0.0002 and
0.9961 ± 0.0002, respectively; the overall fidelity of the
POVM (cf. the Methods section) is 0.9946±0.0002. Here
the error bars denote the standard deviations of 100
simulations from Poisson statistics. Such high fidelities
demonstrate that the collective SIC-POVM was realized
with very high quality. Detailed information about the
five reconstructed POVM elements can be found in the
supplement.
quantum state tomography with the collective
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FIG. 3: Experimental verification of the collective SIC-POVM
realized. Here each Eˆi for i = 1, 2, 3, 4, 5 denotes an input
state which corresponds to the POVM element Ei of the col-
lective SIC-POVM after normalization. Each input state is
prepared and measured 100000 times. The frequencies of ob-
taining the five outcomes are plotted using different colors;
here the error bars are too small to be visible. For compari-
son, the probabilities in the ideal scenario are plotted in grey
shadow.
SIC-POVM. The experimental realization of the col-
lective SIC-POVM enables us to achieve unprecedented
efficiency in quantum state tomography. In this section
we demonstrate the tomographic significance of the col-
lective SIC-POVM and the power of collective measure-
ments.
In the first experiment, we investigated the scaling of
the mean infidelity 1−F achieved by the collective SIC-
POVM with the sample size N (the number of copies of
the state available for tomography). Three pure states
with Bloch vectors (0, 0, 1), 1√
2
(1, 0, 1) and 1√
3
(1, 1, 1)
were considered (see the supplement for additional re-
sults on mixed states). In each case, the probabilities of
obtaining the outcomes of the collective SIC-POVM were
estimated from frequencies of repeated measurements,
from which we reconstructed the original state using the
maximum likelihood method [4]; see the supplement.
The experimental result and simulation result are
shown in Fig. 4. Also shown as benchmarks are the sim-
ulation results on two popular alternative schemes: one
based on mutually unbiased bases (MUB) for a qubit
[41–44] and the other based on two-step adaptive mea-
surements proposed in Ref. [45] (cf. Refs. [40, 46, 47]).
The experimental result agrees very well with the theo-
retical predication [14] and numerical simulation. The
efficiency of the collective SIC-POVM is almost inde-
pendent of the input state; the infidelity approximately
scales as O(1/N) for all states investigated (cf. Supple-
mentary Table S2). This high efficiency is tied to the
fact that the probability of obtaining the outcome E5
in Eq. (1) is very sensitive to the purity of the input
state, so that the purity can be estimated very accu-
rately. By contrast, the scaling behavior is much worse
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FIG. 4: Scaling of the mean infidelity in quantum state tomography with the collective SIC-POVM (both experiment and
simulation). The performances of MUB and two-step adaptive measurements (simulation) are shown for comparison. The three
plots correspond to the tomography of three pure states with Bloch vectors s as specified; N is the sample size, ranging from
16 to 2048. Each data point is the average of 1000 repetitions, and the error bar denotes the standard deviation.
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FIG. 5: Mean infidelities achieved by the collective SIC-POVM in estimating pure states of the form |ψ(θ)〉 = sin θ|0〉+cos θ|1〉.
The performances of MUB and two-step adaptive measurements (simulation) are shown for comparison. The sample size is
N = 128 in the left plot and N = 1024 in the right plot. Each data point is the average of 1000 repetitions, and the error bar
denotes the standard deviation.
0.2 0.4 0.6 0.8 1
0.005
0.01
0.015
0.02
sˆ = (0.490,−0.631, 0.602)
in
fi
d
el
it
y
 
 
GM bound
↓
coll bound
↑
coll−exp
coll−ideal
MUB
0.2 0.4 0.6 0.8 1
0.006
0.01
0.014
0.018
GM bound
↓
coll bound
↑
s
M
S
E
0.2 0.4 0.6 0.8 1
0.005
0.01
0.015
0.02
sˆ = (0, 0,−1)
in
fi
d
el
it
y
 
 
GM bound
↓
coll bound
↑
coll−exp
coll−ideal
MUB
0.2 0.4 0.6 0.8 1
0.006
0.01
0.014
0.018
GM bound
↓
coll bound
↑
s
M
S
E
FIG. 6: Performance of the collective SIC-POVM in the tomography of mixed qubit states with respect to the mean infidelity
and MSE. Also shown for comparison are the performance of MUB (simulation) as well as the Gill-Massar (GM) bound
[13, 39, 40] and a collective (coll) bound [13, 14] (see the Methods section). Here sˆ and s denote the direction and length of
the Bloch vector; the sample size is N = 256; each data point is the average of 1000 repetitions, and the error bar denotes the
standard deviation.
6for MUB except when the input state aligns with one of
the POVM elements, which corresponds to “known state
tomography” [45]. This is because the infidelity is very
sensitive to inaccurate estimation of the purity, which is
unavoidable for a fixed individual measurement. For a
generic pure state, the infidelity achieved by the collec-
tive SIC-POVM for N = 2048 is approximately twelve
(three) times smaller than that achieved by MUB (local
adaptive measurements). The advantage of the collective
SIC-POVM becomes more significant as the sample size
increases.
In the second experiment, we investigated the mean in-
fidelity achieved by the collective SIC-POVM when the
input states have the form |ψ(θ)〉 = sin θ|0〉 + cos θ|1〉
with θ ranging from 0 to pi/2. Here N is chosen to be
128 (that is, 64 pairs) or 1024 (512 pairs). The result
shown in Fig. 5 further demonstrates that the efficiency
of the collective SIC-POVM is almost independent of the
input state. In addition, the infidelity in the worst sce-
nario is much smaller than that achieved by MUB and
local adaptive measurements. As in the first experiment,
the advantage of the collective SIC-POVM becomes more
significant when N increases.
In the third experiment, we considered two families of
mixed states ρ = 12 (I + s · σ) with Bloch vectors along
sˆ = (0, 0,−1) and sˆ = (0.490,−0.631, 0.602), respec-
tively, and with s ranging from 0 to 1. The sample size N
is chosen to be 256; both the mean infidelity and mean
square error (MSE) are considered as figures of merit.
The experimental result is shown in Fig. 6. The mean in-
fidelity achieved by the collective SIC-POVM is not only
smaller than that by MUB, but also smaller than the
Gill-Massar (GM) bound [13, 39, 40], which constrains
the performance of any local measurement, even with
adaptive choices. Moreover, the mean infidelity approxi-
mately saturates a bound derived in Refs. [13, 14], which
represents the best performance that can be achieved by
two-copy collective measurements; cf. the Methods sec-
tion. In addition, the collective SIC-POVM is also nearly
optimal with respect to the MSE for all states. Remark-
ably, such high efficiency is achieved without any adap-
tive measurement.
Discussion
In summary, we introduced a general method for im-
plementing deterministic collective measurements on two
identically prepared qubits based on quantum walks. Us-
ing photonic quantum walks, we then realized experimen-
tally the collective SIC-POVMwith very high quality and
thereby achieved unprecedented high efficiency in qubit
state tomography. The collective SIC-POVM we real-
ized is significantly more efficient than any local measure-
ment. It improves the scaling of the mean infidelity in
the worse scenario from O(1/
√
N) to O(1/N). Moreover,
it is nearly optimal over all two-copy collective measure-
ments with respect to various figures of merit, including
the mean infidelity and MSE, although no adaptive mea-
surement is required. This high efficiency manifests the
primary advantage of collective measurements over sep-
arable measurements.
Our work demonstrated a truly nonclassical phe-
nomenon that is owing to entanglement in quantum mea-
surements instead of quantum states. Moreover, it offers
an effective recipe for exceeding the precision limit of
local measurements in quantum state tomography. Sim-
ilar idea can readily be applied to enhance the preci-
sion in multiparameter quantum metrology, for instance,
in the joint estimation of phase and phase diffusion (cf.
Refs. [15, 16]), which deserves further study. More gener-
ally, our work opens an avenue for exploring the power of
collective measurements in quantum information process-
ing. In the future, it would be desirable to extend our
approach to realize multi-copy collective measurements
on qubits and systems of higher dimensions.
Methods
Coin operators for realizing the collective SIC-
POVM. Here we present the coin operators that appear
in Fig. 1d; see Sec. I in the supplement for more details.
C(−1, 1) = 1√
3
(
1
√
2√
2 −1
)
, C(−2, 2) =
(
0 1
1 0
)
,
C(0, 2) =
1
2
(√
3 1
1 −√3
)
, C(1, 3) =
1√
3
(√
2 1
1 −√2
)
,
C(0, 4) =
(
1 0
0 −1
)
, C(−1, 5) = 1
2
(
1− i 1 + i
−1 + i 1 + i
)
,
C(2, 2) = C(0, 2), C(−1, 3) = C(−1, 1),
C(−2, 4) = C(−2, 2). (4)
Fidelity between two POVMs. Consider two
POVMs {Ej}Mj=1 and {E′j}Mj=1 on a d-dimensional Hilbert
space with the same number of elements, where E′j is
the counterpart of Ej (for example, one is the experi-
mental realization of the other). Construct two normal-
ized quantum states as σ = 1d
∑M
j=1Ej ⊗ (|j〉〈j|) and
σ′ = 1d
∑M
j=1E
′
j ⊗ (|j〉〈j|), where |j〉 form an orthonor-
mal basis for an ancilla system. The fidelity between
the two POVMs {Ej}Mj=1 and {E′j}Mj=1 is defined as the
fidelity between the two states σ and σ′,
F (σ, σ′) :=
(
tr
√√
σσ′
√
σ
)2
=
( M∑
j=1
wj
√
Fj
)2
, (5)
where wj =
√
tr(Ej) tr(E′j)
d , and Fj = F
(
Ej
tr(Ej)
,
E′j
tr(E′j)
)
is
the fidelity between the two normalized POVM elements
Ej
tr(Ej)
and E
′
j
tr(E′j)
.
Gill-Massar bounds and collective bounds. In
quantum state tomography with individual measure-
ments (including local adaptive measurements), the pre-
cision achievable is constrained by the Gill-Massar (GM)
bound [13, 39, 40] (see also Ref. [48]). In the case of a
7qubit, the GM bound is 94N when the figure of merit is the
mean infidelity (approximately equal to the mean square
Bures distance), where N is the sample size (assuming N
is not too small). When the figure of merit is the MSE
E tr[(ρˆ − ρ)2], the GM bound is (2+
√
1−s2)2
2N , where s is
the length of the Bloch vector of the qubit state.
When collective measurements on two identical qubits
are allowed, the precision limit is constrained by a col-
lective bound. According to Eqs. (6.73) and (6.74)
in Ref. [13] with t = 3/2, the collective bound for
the mean infidelity (mean square Bures distance) is 32N
(cf. Ref. [14]), and the bound for the MSE is{
(2+
√
1−s2)2
3N if 0 ≤ s ≤ 3+4
√
3
13 ,
s(1+s)(3−s)
(3s−1)N if
3+4
√
3
13 ≤ s ≤ 1.
(6)
The GM bound and collective bound for the mean infi-
delity may be violated when the state is nearly pure (with
thresholds depending on N), in which case common es-
timators (including the maximum likelihood estimator)
are biased due to the boundary of the state space. The
precision limits with respect to the MSE are less sensitive
to this influence.
Data availability. The data that support the results of
this study are available from the corresponding author
upon request.
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9Deterministic realization of efficient collective measurements via photonic
quantum walks: Supplement
I. REALIZATION OF THE COLLECTIVE SIC-POVM VIA QUANTUM WALKS
Recently, quantum walks were proposed as a recipe for implementing general POVMs on a sin-
gle qubit [21], which have been demonstrated in experiments [22, 23]. In a one-dimensional dis-
crete quantum walk, the system state is characterized by two degrees of freedom |x, c〉, where
x = · · · ,−1, 0, 1, · · · denotes the walker position, and c = 0, 1 represents the coin state. The dynam-
ics of each step is described by a unitary transformation of the form U(t) = TC(t), where T is the
conditional translation operator
T =
∑
x
|x+ 1, 0〉〈x, 0|+ |x− 1, 1〉〈x, 1|, (S1)
and C(t) =
∑
x |x〉〈x| ⊗ C(x, t) with C(x, t) being site-dependent coin operators. A general POVM
on a qubit can be realized by engineering the coin operators C(x, t) followed by measuring the walker
position after certain steps. However, little is known in the literature on realizing POVMs on higher
dimensional systems based on quantum walks. Here we offer a recipe to extending the capabilities of
quantum walks.
For concreteness, we focus on the collective SIC-POVM on a two-qubit system, which is composed
of five outcomes,
Ej =
3
4
(|ψj〉〈ψj |)⊗2, E5 = |Ψ−〉〈Ψ−|, (S2)
where |Ψ−〉 = 1√2 (|01〉 − |10〉) is the singlet, and
|ψ1〉 =|0〉, |ψ2〉 = 1√
3
(|0〉+
√
2|1〉),
|ψ3〉 = 1√
3
(|0〉+ e 2pi3 i
√
2|1〉), |ψ4〉 = 1√
3
(|0〉+ e− 2pi3 i
√
2|1〉)
(S3)
form a symmetric informationally complete POVM (SIC-POVM) on a qubit [30, 31]. Here the
“overline” on 0, 1 is added to distinguish logical quantum states from physical quantum states of
the walker and the coin. The Bloch vectors of the four states |ψj〉 for j = 1, 2, 3, 4 are given by
r1 = (0, 0, 1), r2 = ( 2
√
2
3 , 0,− 13 ), r3 = (−
√
2
3 ,
√
6
3 ,− 13 ) and r4 = (−
√
2
3 ,−
√
6
3 ,− 13 ), which form a
regular tetrahedron inside the Bloch sphere.
To realize the collective SIC-POVM using quantum walks, the coin qubit and the walker in posi-
tions 1 and −1 are taken as the two-qubit system of interest, while the other positions of the walker
act as an ancilla. With this choice, the collective SIC-POVM can be realized via five-step quantum
walks as illustrated in Fig. 1d in the main text, with nontrivial coin operators given by
C(−1, 1) = 1√
3
(
1
√
2√
2 −1
)
, C(−2, 2) =
(
0 1
1 0
)
, C(0, 2) =
1
2
( √
3 1
1 −√3
)
,
C(1, 3) =
1√
3
( √
2 1
1 −√2
)
, C(0, 4) =
(
1 0
0 −1
)
, C(−1, 5) =1
2
(
1− i 1 + i
−1 + i 1 + i
)
,
C(2, 2) =C(0, 2), C(−1, 3) =C(−1, 1), C(−2, 4) =C(−2, 2).
(S4)
To see this, note that a general logical two-qubit pure state
|Ψ0〉 = a|00〉+ b|01〉+ c|10〉+ d|11〉, |a|2 + |b|2 + |c|2 + |d|2 = 1 (S5)
can be encoded into the initial state (corresponding to step t = 0) of the walker-coin system as
|Ψ0〉 = a|1, 0〉+ b|1, 1〉+ c| − 1, 0〉+ d| − 1, 1〉. (S6)
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FIG. S1: Realization of the collective SIC-POVM using five-step photonic quantum walks (cf. Fig. 1d and
Fig. 2 in the main text). The polarization-encoded coin qubit and the walker in positions 1 and −1 are taken
as the two-qubit system of interest, while the other positions of the walker act as an ancilla. Beam displacers
(BDs) are used to realize the conditional translation operator T . Combinations of half wave plates (HWPs)
and quarter wave plates (QWPs) are used to realize site-dependent coin operators C(x, t). Five single-photon
detectors (SPDs) E1 to E5 correspond to the five outcomes. The collective SIC-POVM is realized by choosing
the rotation angles of the HWPs and QWPs according to the table embedded in the figure (identical to the
table embedded in Fig. 2).
After step 1, the state |Ψ0〉 evolves into
|Ψ1〉 = TC(t = 1)|Ψ0〉 = a|2, 0〉+ b|0, 1〉+
(√
1
3
c+
√
2
3
d
)
|0, 0〉+
(√
2
3
c−
√
1
3
d
)
| − 2, 1〉. (S7)
Following a similar procedure, the state after step 5 reads
|Ψ5〉 =
√
3
2
a|6, 0〉+
√
3
6
(a+
√
2b+
√
2c+ 2d)|4, 0〉+
√
2
2
(−b+ c)|2, 0〉
+
√
3
6
e
pi
4 i
(
a+
√
2e−
2pi
3 ib+
√
2e−
2pi
3 ic+ 2e−
4pi
3 id
)|0, 0〉
+
√
3
6
e
pi
4 i
(
a+
√
2e
2pi
3 ib+
√
2e
2pi
3 ic+ 2e
4pi
3 id
)| − 2, 1〉. (S8)
Now measuring the position of the walker realizes the collective SIC-POVM as desired. To verify this
claim, note that the probabilities of detecting the walker at positions 6, 4, 2, 0,−2 are respectively
given by
p˜6 =
3
4
|a|2 = 3
4
|〈ψ1ψ1|Ψ0〉|2 = 〈Ψ0|E1|Ψ0〉,
p˜4 =
1
12
|a+
√
2b+
√
2c+ 2d|2 = 3
4
|〈ψ2ψ2|Ψ0〉|2 = 〈Ψ0|E2|Ψ0〉,
p˜2 =
1
2
| − b+ c|2 = |〈Ψ−|Ψ0〉|2 = 〈Ψ0|E5|Ψ0〉,
p˜0 =
1
12
∣∣a+√2e− 2pi3 ib+√2e− 2pi3 ic+ 2e− 4pi3 id∣∣2 = 3
4
|〈ψ3ψ3|Ψ0〉|2 = 〈Ψ0|E3|Ψ0〉,
p˜−2 =
1
12
∣∣a+√2e 2pi3 ib+√2e 2pi3 ic+ 2e 4pi3 id∣∣2 = 3
4
|〈ψ4ψ4|Ψ0〉|2 = 〈Ψ0|E4|Ψ0〉,
(S9)
So the detectors at the five positions 6, 4, 2, 0,−2 correspond to the five POVM elements
E1, E2, E5, E3, E4 specified in Eqs. (S2) and (S3). Note that a detector at position 6 after step 5 is
equivalent to a detector at position 3 after step 2. Similarly, the detector at position 4 (position 2)
after step 5 can be placed at position 2 (position 1) after step 3 (step 4) without changing the detec-
tion probability. This fact can be utilized to simplify the experimental design, as reflected in Fig. 1
in the main text.
The above proposal can be realized using photonic quantum walks as illustrated in Fig. S1 as well
as Fig. 2 in the main text. In this scheme, the conditional translation operator is realized by beam
displacers (BDs), which displace the H-component away from the V-component. The coin operators
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are realized by suitable combinations of half wave plates (HWPs) and quarter wave plates (QWPs)
with rotation angles specified in Fig. S1. Note that a HWP with rotation angle h and a QWP with
rotation angle q realize the following unitary transformations
UH(h) =
(
cos 2h sin 2h
sin 2h − cos 2h
)
, UQ(q) =
1√
2
e
pi
4 i
(
1− i cos 2q −i sin 2q
−i sin 2q 1 + i cos 2q
)
. (S10)
Based on this equation, it is straightforward to verify that the site-dependent coin operators presented
in Eq. (S4) are realized by the wave plates shown in Fig. S1 with rotation angles as specified.
II. STATE PREPARATION
In this section we provide additional details on the preparation of walker-coin two-qubit states
considered in the main text. Our discussion is based on the state preparation module illustrated in
Fig. 2. Note that the quartz crystal and the HWP corresponding to α2 are used only in the preparation
of mixed states. In general, a walker-coin two-qubit state can be prepared by properly choosing the
rotation angles α1,α2, h1, h2, h3, q1 and q2 of the HWPs and QWPs shown in this module. The
parameter choices for various states considered in the main text are specified in Table S1. Here |±z〉,
|±x〉 and |±y〉 denote the two eigenstates with eigenvalues ±1 of σz, σx and σy, respectively, with
Bloch vectors given by (0, 0,±1), (±1, 0, 0) and (0,±1, 0); these states are used in the measurement
tomography of the collective SIC-POVM. Eˆj for j = 1 to 5 denote the five normalized POVM
elements of the collective SIC-POVM (note that Eˆ1 = | +z +z〉〈+z +z |); these states are used in
the experimental verification of the collective SIC-POVM. The rest states in the table are studied in
quantum state tomography with the collective SIC-POVM. To be specific, |ψ(θ)〉 = sin θ|0〉+ cos θ|1〉
is a pure state parametrized by θ; 1√
2
(1, 0, 1) and 1√
3
(1, 1, 1) denote two pure states with Bloch
vectors as specified; s1 and s2 denote quantum states whose Bloch vectors align with sˆ1 = (0, 0,−1)
and sˆ2 = (0.490,−0.631, 0.602), and with lengths s1 and s2, respectively.
In the preparation of Eˆ5, which is maximally entangled, the QWP corresponding to q2 is removed,
and h3 is set at 0◦. For all other states considered in this work, which are product states, this QWP
is present, and h3 is set at 45◦. In the preparation of a product state, α1, h1, q1 are used to control
the state of the first qubit (walker), while α2 (together with the quartz crystal), h2, q2 are used to
control the state of the second qubit (coin). Specifically, the length of the Bloch-vector of the first
qubit is determined by α1, while the direction of the Bloch-vector is determined by h1, q1. In the
preparation of the second qubit, α2, h2, q2 play similar roles to α1, h1, q1 for the first qubit. The
parameters shown in Table S1 apply to the preparation of a two-copy state, of which the walker
qubit and the coin qubit are identical. Since the preparation of the two qubit states are independent,
product states with different marginals can also be prepared with straightforward modification. For
example, the product state |+z +x〉 can be prepared by choosing the following parameters:
α1 = q1 = 0, h1 = h3 = q2 = 45
◦, h2 = −22.5◦. (S11)
III. QUANTUM MEASUREMENT TOMOGRAPHY OF THE COLLECTIVE SIC-POVM
In this section, we provide more details on the measurement tomography of the collective SIC-
POVM realized using photonic quantum walks. To perform measurement tomography, 36 states, the
tensor products of the six eigenstates of three Pauli operators, were prepared according to the method
described in the previous section and sent to the collective-measurement module. To reduce statistical
fluctuation, each state was prepared and measured 35000 times. Then the five POVM elements were
estimated from the measurement statistics using the maximum likelihood (ML) method developed
in Ref. [38]. The five reconstructed POVM elements are shown in Fig. S2 in comparison with the
ideal counterparts. The fidelities of the five POVM elements are 0.9991 ± 0.0001, 0.9979 ± 0.0007,
0.9870± 0.0008, 0.9927± 0.0002 and 0.9961± 0.0002, respectively; the overall fidelity of the POVM
is 0.9946± 0.0002 (cf. the Methods section). These results show that the collective SIC-POVM was
realized with very high quality.
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TABLE S1: Parameter choices in walker-coin two-qubit state preparation. Here α1, α2, h1, h2, q1, q2 are the
rotation angles of the HWPs and QWPs shown in Fig. 2, and “quartz” denotes the quartz crystal in the same
figure. |±z〉, |±x〉 and |±y〉 denote the two eigenstates with eigenvalues ±1 of σz, σx and σy; the parameters
in the parentheses apply to the states with eigenvalue −1. Eˆj for j = 1 to 5 denote the five normalized
POVM elements of the collective SIC-POVM (note that Eˆ1 = |+z +z〉〈+z +z |). |ψ(θ)〉 = sin θ|0〉+ cos θ|1〉
is a pure state. 1√
2
(1, 0, 1) and 1√
3
(1, 1, 1) denote two pure states with Bloch vectors as specified. s1 and s2
denote quantum states whose Bloch vectors align with sˆ1 = (0, 0,−1) and sˆ2 = (0.490,−0.631, 0.602), and
with lengths s1 and s2, respectively; α(s) = 14 arccos(s). The quartz and the HWP corresponding to α2 are
used only in the preparation of mixed states (in the last two columns of the table). In the preparation of Eˆ5,
the QWP corresponding to q2 is removed.
States |±z〉 |±x〉 |±y〉 Eˆ2 Eˆ3 Eˆ4 Eˆ5 1√2 (1, 0, 1) 1√3 (1, 1, 1) |ψ(θ)〉 s1 s2
α1 0 0 0 0 0 0 0 0 0 0 α(s1) α(s2)
h1(
◦) 45(0) -22.5(22.5) -22.5(22.5) -17.63 0 27.37 22.5 56.25 -24.95 90− θ
2
0 45
q1(
◦) 0 45 0 -35.26 27.37 27.37 45 22.5 22.5 −θ 0 19.57
h3(
◦) 45 45 45 45 45 45 0 45 45 45 45 45
α2(
◦) − − − − − − − − − − α(s1) α(s2)
quartz − − − − − − − − − − 0 0
h2(
◦) 45(0) -22.5(22.5) -22.5(22.5) -17.63 0 27.37 45 56.25 -24.95 90− θ
2
0 45
q2(
◦) 0 45 0 -35.26 27.37 27.37 − 22.5 22.5 −θ 0 19.57
Imag
Real
E"
Imag
Real
E#
Imag
Real
E$
Real Imag
E! E%
Real Imag
FIG. S2: Results on measurement tomography of the collective SIC-POVM realized in the experiment. The
matrix elements of the real (Real) and imaginary (Imag) parts of the five POVM elements E1 to E5 are
plotted using solid colours. For comparison, the counterparts of the ideal POVM are plotted as wire frames.
IV. SCALING OF THE MEAN INFIDELITY WITH THE SAMPLE SIZE
In this supplement, we provide additional details on the scaling of the mean infidelity with the
sample size in quantum state tomography with the collective SIC-POVM. To complement the results
presented in the main text, we first illustrate the scaling of the mean infidelity 1−F achieved by the
collective SIC-POVM for mixed states. We then present the scaling exponents for both pure states
and mixed states.
13
102 103
10-3
10-2
10-1
coll-exp
coll-ideal
MUB
adaptive
102 103
10-3
10-2
10-1
coll-exp
coll-ideal
MUB
adaptive
102 103
10-3
10-2
10-1
coll-exp
coll-ideal
MUB
adaptive
FIG. S3: Scaling of the mean infidelity in the tomography of mixed states with the collective SIC-POVM
(both experiment and simulation). The performances of MUB and two-step adaptive measurements (simula-
tion) are shown for comparison. The three plots correspond to the tomography of three mixed states whose
Bloch vectors align with the same direction sˆ = (0.490,−0.631, 0.602) and have lengths s = 0.885, 0.674 and
0.469, respectively. Here N is the sample size, ranging from 16 to 2048. Each data point is the average of
1000 repetitions, and the error bar denotes the standard deviation.
A. Scaling of the mean infidelity for mixed states
Three mixed states were considered; their Bloch vectors align with the same randomly-chosen
direction sˆ = (0.490,−0.631, 0.602), with lengths s = 0.885, 0.674 and 0.469, respectively. The
experimental result as well as the simulation result on the ideal collective SIC-POVM are shown in
Fig. S3. Also shown as benchmarks are the simulation results on the performances of two popular
alternative schemes based on mutually unbiased bases (MUB) for a qubit [41–44]. Similar to the case
of pure states, the efficiency of the collective SIC-POVM is almost independent of the input state;
the infidelity approximately scales as O(1/N) for all states investigated.
By contrast, the scaling behavior for MUB is sensitive to the purity of the input state. When the
input mixed state has a high purity (see the left plot in Fig. S3), the infidelity scales as O(1/
√
N)
when N is small, while it scales as O(1/N) when N is large. The transition region depends on
the purity of the input state. In the special case of a pure state (s = 1), the O(1/
√
N) scaling
approximately holds for all N (see the middle and right plots in Fig. 4). When the state is highly
mixed, MUB achieves almost the same scaling O(1/N) as the collective SIC-POVM, but the infidelity
is still larger by a constant factor of about 1.5 (see the right plot in Fig. S3).
B. Scaling exponents
In the main text, we investigated the scaling of the mean infidelity 1−F achieved by the collective
SIC-POVM with the sample size N . Three pure states with Bloch vectors (0, 0, 1), 1√
2
(1, 0, 1) and
1√
3
(1, 1, 1) were considered. The experimental result as well as the simulation result on the ideal
collective SIC-POVM are shown in Fig. 4 in the main text. Also shown as benchmarks are the
simulation results on the performances of two popular alternative schemes: one based on mutually
unbiased bases (MUB) for a qubit [41–44] and the other based on two-step adaptive measurements
proposed in Ref. [45] (cf. Refs. [40, 46, 47]). In addition, three mixed states were investigated in
Sec. IVA in this supplement; see Fig. S3.
To quantify the distinction between different measurement schemes, experimental data and nu-
merical data are fitted to power laws of the form 1 − F = βN−p. The exponents p are shown in
Table S2. According to this table, the efficiency of the collective SIC-POVM is almost independent of
the input state; the infidelity approximately scales as O(1/N) for all states investigated. By contrast,
the scaling behavior for MUB is very sensitive to the input state. For states with high purities, the
scaling is usually much worse except when the input state aligns with one of the POVM elements,
which corresponds to “known state tomography” [45].
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TABLE S2: Scaling exponents of the mean infidelity 1 − F against the sample size N in quantum state
tomography. The performance of the collective SIC-POVM (both experiment and simulation) is compared
with that of MUB and local adaptive measurements (simulation). The first three columns represent the
results on three pure states with Bloch vectors as specified, while the last three columns represent results on
three mixed states whose Bloch vectors align with the same direction sˆ = (0.490,−0.631, 0.602), with lengths
s as specified. The data presented in Figs. 4 and S3 are fitted to the formula 1 − F = βN−p. The scaling
exponents p for the above six states and four measurement schemes are shown in this table. The values
inside the parentheses represent the uncertainties in the last two digits of the best-fitted values within 95%
confidence intervals.
States (0, 0, 1) 1√
2
(1, 0, 1) 1√
3
(1, 1, 1) s = 0.885 s = 0.674 s = 0.469
coll-exp 1.047(53) 1.002(09) 1.004(12) 1.028(40) 1.025(25) 1.019(37)
coll-ideal 0.999(20) 0.977(20) 1.004(16) 1.036(28) 1.031(14) 1.016(15)
MUB 1.008(11) 0.583(29) 0.571(29) 0.849(86) 1.045(36) 1.074(27)
adaptive 0.970(28) 0.850(54) 0.873(57) 0.986(90) 1.058(25) 1.066(33)
V. IMPLEMENTATION OF THE MAXIMUM LIKELIHOOD ESTIMATION
Consider quantum state tomography with a POVM {Ej}Kj=1 composed of K outcomes. If the
quantum system is characterized by the state %, then the probability of obtaining outcome j is
pj = tr(%Ej). Suppose the POVM is performed N times on N identically prepared quantum systems,
and outcome j occurs nj times with
∑
j nj = N . Now our task is to infer the state of the quantum
system from the measurement data D = {n1, n2, . . . , nK}.
As a popular estimation strategy in quantum tomography, the ML estimation [4] searches for the
quantum state %ˆML that maximizes the likelihood function, i.e.,
%ˆML := arg max
%
L(D|%), with L(D|%) =
∏
j
p
nj
j . (S12)
In practice, it is more convenient to work with the normalized log-likelihood function defined as
F(%) := 1N lnL(D|%). In quantum state tomography with individual measurements, the functionF(%) is concave in % and thus has a unique maximum in the quantum state space, which is convex.
In addition, iterative algorithms can be employed by following the gradient
G(%) =
∑
j
fj
pj
Ej (S13)
of F(%), where fj = nj/N is the relative frequency. In quantum state tomography with two-copy
collective measurements as considered in this work, however, two-copy quantum states comprise only
a subset of the two-qubit state space. Therefore, standard ML algorithms do not apply directly.
Recently, a new optimization strategy, i.e., the accelerated projected-gradient (APG) method was
introduced in quantum tomography [49], using which all constraints can be cast into a projection
operation. In the current scenario, we have to make sure that the update for % at each iterative step
takes on the form % = ρ⊗2. To this end, we introduce the projection operation P as follows,
%˜ = P(%) : %˜ = ρ˜⊗2 with ρ˜ := arg min
ρ
||%− ρ⊗2||HS , (S14)
where || · ||HS denotes the Hilbert-Schmidt norm. This optimization can be done easily by properly
parametrizing single-qubit states. Then, we modify the APG algorithm presented in Ref. [49] as
follows:
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FIG. S4: Convergence of the APG algorithm in quantum sate tomography with the collective SIC-POVM.
The vertical axis represents the deviation Fmax −F of the normalized log-likelihood F at each iterative step
from the maximum value Fmax. In the numerical simulation, the frequencies of obtaining the five outcomes
are set to the corresponding probabilities when the collective SIC-POVM is performed on a two-copy state.
The APG algorithm is run until the machine precision is reached. The figure shows that the algorithm
converges very quickly.
Algorithm: APG for collective measurements
Given  > 0 and 0 < β < 1.
Initialize with any state %0 = ρ⊗20 , F0 = F(%0); set τ0 = %0, θ0 = 1.
for k = 1, 2, · · · , do
Update %k = P[τk−1 + G(τk−1)] according to Eq. (S14), Fk = F(%k).
Termination criterion!
if Fk < Fk−1 then (Restart)
Reset  = β, %k = %k−1, τk = %k, and θk = 1.
else (Accelerate)
Set θk = 12
(
1 +
√
1 + 4θ2k−1
)
, then update τk = %k +
θk−1−1
θk
(%k − %k−1).
end if
end for
Generally speaking, the APG algorithm works in a similar way to those conventional gradient
approaches, but with a tweaked gradient direction in each step to boost the convergence. Specifically,
each update of the target % in APG is based on another state τ , which gives each update some
“momentum” from the previous step. The momentum is controlled by the parameter θ, which is reset
to 1 whenever it causes the current step to point too far from the direction specified by G(·). Upon
convergence, % and τ will eventually merge to the same point. For more technical details about the
APG algorithm, e.g., the ‘Restart’ and ‘Accelerate’ operations, see Ref. [49] and references therein.
Figure S4 illustrates the convergence of the APG algorithm applied to the collective SIC-POVM.
In the numerical simulation, a qubit state ρ is generated randomly, and the frequency of obtaining
each outcome is set to the corresponding probability, that is, fj = pj = tr(ρ⊗2Ej), where Ej for j = 1
to 5 are the five outcomes of the collective SIC-POVM. In this example, the maximum value Fmax of
the normalized log-likelihood function is attained at the true state ρ; the deviation Fmax − F from
the maximum value is plotted as a function of the number of steps. The figure shows that the APG
algorithm converges very quickly.
